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$\mathcal{L}$- T (QE) , L- \mbox{\boldmath $\varphi$}(x-) ,
L $\psi(\overline{x})$ , $T\models\forall\overline{x}(\varphi(\overline{x})rightarrow\psi(\overline{x}))$ .
$\mathrm{Q}\mathrm{E}$ , , ( ) ,






Tarski QE 1951 , 1931
, $\mathrm{Q}\mathrm{E}$ $[11, 1).85]$ . $\mathrm{Q}\mathrm{E}$
,
, QE Collins(1975) . Tarski
QE , Colli$
.
$P$ . $P$ $\mathrm{Q}\mathrm{E}$ Ax Kochen(1965-
66) . cross-section ,
1515 2006 72-80 72
. $\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{I}\mathrm{n}\mathrm{t}\mathrm{y}\mathrm{r}\mathrm{e}(1976)$ Ax-Kochen Ersov [3]
, Qp QE .
Denef(1984) . MacIntyre QE ,
$\mathrm{Z}_{\mathrm{p}}$ .
, Denef
$\mathrm{Q}\mathrm{E}$ , , .




[10] Qp QE .
Qp , .
$x\in \mathrm{Q}^{*}(=\mathrm{Q}\backslash \{0\})$ – .
$x=p^{n}a/b$ ( $a,$ $b,$ $n\in \mathrm{Z},$ $b>0,$ $a,$ $b,p$ )




. $\mathrm{Z}_{\mathrm{P}}=\{x\in \mathrm{Q}_{\mathrm{p}}|ord(x)\geq 0\}$ $p$ .
Qp , [10] p .




$r=ord(_{\backslash }x)$ , $x,$ $y\in \mathrm{Q}_{\mathrm{p}}^{*}\}^{}$. $\llcorner$ .
$ord(xy)=ord(x)+ord(y)$ ... $(’.1)$
$ord(x)<ord(y)$ , $ord(x+y)=ord(x)$ . $(’2)$
$x\in \mathrm{Q}_{\mathrm{p}}^{*}$ angular component $ac$ $ac(x)=p^{-ord(x)}x$ . , $p$
, $ord(x)$ $x=p^{\sigma \mathrm{r}d(x)}c_{\iota}c(x)$
.
$\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{I}\mathrm{n}\mathrm{t}\mathrm{y}\mathrm{r}\mathrm{e}$ $\mathcal{L}_{M}$ $\mathrm{Q}\mathrm{E}$ .
$\mathcal{L}_{M}=\{+, -, \cdot, 0,1\}\cup\{P_{n} : n\geq 2\}$
, $P_{n}(x)$ $(\exists y)x=y^{n}$ ( $n$ ) .
$\mathrm{Q}\mathrm{E}$ . ( [8, Appendix])
$x\in \mathrm{Q}_{\mathrm{p}}^{*}$ $n$ , $z$ : $x=zy^{n}$ $y\in \mathrm{Q}_{\mathrm{p}}^{*}$ .




$f(t)\in \mathrm{Z}_{\mathrm{p}}[t],$ $\alpha\in \mathrm{Z}_{\mathrm{p}},$ $e\in \mathrm{N}$
$|f(\alpha)|\leq p^{-(2e+1)},$ $p^{-e}\leq|f’(\alpha)|$
$f(\beta)=0$ $\beta$ $|\beta-\alpha|\leq P^{-(e+1)}$ .
$f(t)=t^{n}-u$ ,
$\mathrm{Z}_{\mathrm{p}}\ni u\equiv 1$ mod $p^{2ord(n)+1}$ $u\in P_{n}$ (3)
(3) .
$x$ $y$ ,
$ord(x)\equiv ord(y)$ mod $n\mathrm{B}^{\mathrm{a}\prime}\supset$,
$ac(x)\equiv ac(y)$ mod 2$ord(n)+1$
, $a\mathrm{c}(x/y)$ (3) , $ac(x/y)\in P_{n}$ . $x/’y=p^{kn}ac(x/y)\in$
$P_{n}$ , $x$ $y$ $n$ . $x$ $y$ ,
.




$\exists$ . ( $\mathrm{q}\mathrm{f}$, quantifler-free)
. $\mathrm{q}\mathrm{f}$ $\vee$ :
$f\in P_{n},$ $f\not\in P_{n},$ $f=0,$ $f\neq 0$ ( $f$ Qp )
. = .
$f=0rightarrow(\exists z)pf^{2}=z^{2}rightarrow pf^{2}\in P_{2}$
(\leftarrow : $ord$ $ord$ .)
, negation .
$f\not\in P_{n}rightarrow f$ $n$ 1 $rightarrow\rho_{1}f\in P_{n}\vee\cdots\vee\rho_{m}f\in\ovalbox{\tt\small REJECT}$
, $\rho_{i}\in \mathrm{Z}_{\mathrm{p}}$ , 1
. qf .
$\mathrm{V}\wedge f_{i}\in P_{n}$:
$P_{l},$ . . $n$ $n_{i}$ . 2
n , n’ l n
:
$f\in P_{n\mathrm{s}}rightarrow\rho_{1}f\in P_{n}\vee\cdots\vee\rho_{m}f\in P_{n}$ .
, $\mathcal{L}_{M}$ $\mathrm{Q}\mathrm{E}$ ,






$S$ $\mathrm{q}\mathrm{f}$ , $\{(\overline{x},\overline{y})|(f(\overline{x}),\overline{y})\in S\}$ $\mathrm{q}\mathrm{f}$
74
. , qf ,
$\mathrm{q}\mathrm{f}$ . , $f$
qf , f semi-algebraic qf .
, $\{x|ord(f(x))\geq 0\}$ , (3) $1+pf^{2}$ \in P $1\dotplus pf^{3}\in P_{3}$ $(\mathrm{q}\mathrm{f})$
, $s$ semi-algebraic ,









$\{(\overline{x}, t)|\overline{x}\in S, |a(\overline{x})|\leqq|t-c(\overline{x})|\leqq|b(\overline{x})|\}$
$S$ : $\mathrm{q}\mathrm{f}$
$a(\overline{x}),$ $b(\overline{x}),c(\overline{x})$ : semi-algebraic
$c(\overline{x})$
$\leqq$ , $<$ , .
(4) $\mathrm{q}\mathrm{f}$ . , $P$
.
I II . $\overline{x}\in \mathrm{Q}_{\mathrm{p}^{7n}}$ .
I
$f(\overline{x}, t)=a_{0}(\overline{x})+a_{1}(\overline{x})t+\cdots+a_{k}(\overline{x})t^{k}$














$f_{i}(\overline{x}, t)=b_{0}(\overline{x})+b_{1}(\overline{x})(t-c(\overline{x}))+\cdot$ . . $+b_{k}(\overline{x})(t-c(\overline{x}))^{k}$
,
$f_{i}(\overline{x}, t)=u_{i}(\overline{x}, t)^{n}b_{i}’(\overline{x})(t-c(\overline{x}))^{\nu_{i}}$ .
, | $(\overline{x}, t)|=1,$ $b_{i}’(\overline{x})$ semi-algebraic , $\nu_{i}\in \mathrm{N}$ .
II , ( ) – , $\mathrm{Q}\mathrm{E}$
. , - .
, I .
$f(x, t)=t^{p}-x^{p-1}t$
, $\mathrm{Q}_{\mathrm{p}}^{2}$ $\text{ }$ .









. , $|t|=|x|$ , $|f(x, t)|$
. $f(x, t)=|t^{p}-x^{p-1}t|$








$f(x, t)=t^{p}-x^{p-1}t$ on $|t|=|x|$
$\frac{f(x,t)}{x^{p}}=(\frac{t}{x})^{p}-(\frac{t}{x})$
$u=t/x$ ,
$g(x, u)=u^{p}-u$ on $|u|=1$
- I :
$ordf( \overline{x}, t)-\min_{i\geq 0}ordb_{i}(\overline{x})(t-c(\overline{x}))^{i}$
$=$ $ordg( \overline{x}, u)-\min_{i\geq 0}ordq_{i}(\overline{x})u^{i}$ (5)
, f g .
, $|u|=1$ , 1
.







( 1, 2, $\cdots,p-1$ )
$u$ $P$ $1$ , $\frac{1}{p}<$ $\leq 1$
\searrow $|g| \leq\frac{1}{p}$ . $u=1,2,$ $\cdots,p$ ,
$|g(x, u)|=|u^{p}-u|> \frac{1}{p}$
.
$\frac{1}{p}<|g|$ , , $|u|=|^{r}u^{p}|=1$ ,
$|u^{p}-u|\geq e|u|,$ $e|u^{p}|$ for some $e$
. (5) ,










$|g(\alpha)|\leq p^{-1}$ , $p^{0}\leq|g’(\alpha)|$ ,
$g(\beta)=0$ $\beta$ , $|\beta-\alpha|\leq p^{-1}$ .
$f$ , $|g’|$ .
$|g’(x, u)|=|pu^{\mathrm{p}-1}-1|={\rm Max}\{1/p, 1\}=1$
, $g$ .
, $|g’(\overline{x}, u)|$ ; $f’$
,
$ordf’( \overline{x},t)-\min_{i\geq 1}ordib_{i}(\overline{x})(t-c(\overline{x}))^{i-1}$
$=$ $ordg’( \overline{x}, u)-\min_{i\geq 1}ordiq_{i}(\overline{x})u^{i-1}$ (6)
I g’ . , g
1 , $g’$ . $||2_{J}^{\backslash }$) $|g’|$
, .
I statement , (5) (6) .
, $g(x, u)=u^{p}-u$ 1 , .
$g(x, u)=(u-1)^{p}+_{p}C_{1}(u-1)^{p-1}+_{p}C_{2}(u-1)^{p-2}+\cdots+1(u-1)$ .






II , semi-algebraic ( semi-algebraic
) .
II I . . f
. , , intersection
( ) .
, $f$ I $\text{ }$ . (3) , $\mathrm{Q}_{\mathrm{p}}m+1$
f . II
. I ,





$\varphi(\overline{x}, t)$ $\mathrm{q}\mathrm{f}$ . II , $\mathrm{Q}\mathrm{E}$ $\varphi$ disjunction
.
$orda_{1}(\overline{x})\leq ord(t-c(\overline{x}))\leq orda_{2}(\overline{x})$
$\overline{x}\in C$ ( $C$ $\mathrm{q}\mathrm{f}$ )
$b_{i}(\overline{x})(t -c(\overline{x}))^{\nu:}\in P_{n}$
2 . 3 , $b_{i}$ t-c(
bi(x-)(t–c(x-))\nu i , ,
$\rho(t-c(\overline{x}))\in P_{n}$
. , $\exists t\varphi(\overline{x}, t)$ ,
$\exists l\in \mathrm{Z}$ ($orda_{1}(\overline{x})\leq l\leq orda_{2}(\overline{x}),$ $l\equiv ord\rho^{-1}$ mod $n$)
. ( , .)
$\gamma=orda_{1}\rho$ mod $n$ .
$ord(a_{1}(\overline{x})\rho)\leq ord(a_{2}(\overline{x})\rho)$ (if $\gamma=0$)
$ord(a_{1}(\overline{x})\rho)+n-\gamma\leq ord(a_{2}(\overline{x})\rho)$ (if $\gamma\neq 0$)





$F$ semi-algebraic . .
, t ,
. , F .
$=1$ ,
$F$ :
$\theta\in \mathcal{F},$ $\frac{ord\theta}{n}\in \mathrm{Z}$ , $ord \eta=\frac{ord\theta}{n}$ $\eta\in F$ $(n\in \mathrm{N})$ (7)
, (qf) ,
F . QE qf
, $ordf\geq 0$ $\mathrm{q}\mathrm{f}$ . \rightarrow
qf f , \mbox{\boldmath $\sigma$}rdf\geq 0 qf ,|’2QE
.
, $ordx\geq 0$ $\mathrm{q}\mathrm{f}$ , $ordf(\overline{x})\geq 0$ $\mathrm{q}\mathrm{f}$
semi-algebraic .
$\mathrm{Q}\mathrm{E}$ selni-algebraic $(\mathrm{q}\mathrm{f})$ $F$
, , semi-algebraic (7)
, .
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